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1. We use the following formula in Lecture 2:

2.

an(f') = nbn(f)
bn(f/) =nan(f).

Apply the formula repeatedly, we have

an(F)] < e max{lan (7)), (7O} = o 1)

n

The last equality is Riemann Lebesgue lemma applied to f*).
(a) Put ¢ = f — h,vp = h — g, we have

1 = gll2 < [If = Rll2 +[Ih = gll2
= |lo + ¢l <|lgll2 + [[¢1]2

= [ervrs [eenf[o [ux [
— (/¢w>2s/¢2-/¢2

This is Cauchy-Schwartz inequality. If ¢ = 0 almost everywhere, the
inequality obviously hold. Otherwise, the inequality can be proved
by note that for any ¢ € R,

0§/(¢+tw)2:/¢2+t2/w2+2t/¢w

putting t = —%, we get the inequality. Also note that equality
holds precisely when ¢ + ti¢p = 0 almost everywhere. That is when
¢ is equal to a multiple of ¢ almost everywhere. (or when one of
vanish almost everywhere.) Geometrically, this means f, g and h are

collinear (almost everywhere).



(b) We will make use of the polarization formula

[to=3t[u+92+ [(r-97

Note that we can apply Parseval identity to f+ ¢ and f —g to obtain:

(497 = 2n(ao( D) +an(g) 47 3 [(@n() + an(9))? + (ba() + bul)]

[ (=97 = 27(ao( D =ao(@) 47 3 [(@n($) = an(0))? + (ba( ) = bul)*]

Adding the two formula together, and divide the result by 4, we get

[ 9= 2ma0(£)aol) + 73 an(Fan(s) + bul (o)

3. (a) We use the Gram-schmidt process. First, since ||1]]2 = \/fol 12 =1,
we can take ¢1 = 1. Similarly, we calculate: (1,z) = %, so we take

b= 2L B,

lz— 3 - 12

Next we calculate: (1,22) = §,(V3(2z —1),2%) = %2, s0

b — 22— 118 B2 1)
3=
0% = 3 - 1= - V3(2z = 1|
x2—x+é
1

=V5(62% — 62 + 1)
(b) The quadratic polynomial should be given as

<f7 ¢1>¢1 + <fv ¢2>¢2 + <f7 ¢3>¢3

Now, we have (f,¢1) = log2, (f,¢2) = v3(2 — 3log2) and (f, ¢3) =
V5(131log 2 — 9) so the required polynomial is

(log2)-1+v3(2—31log 2)-V3(22—1)+v/5(13log 2—9)-v/5(622 —62+1)
=30(131log2 — 9)x? + 6(47 — 68log 2)x + (75log2 — 51)

4. Consider the function f; defined in Homework 1 question 1a):

fa) = {0, it 2 € [0,7]

xz, ifxz e (—m0)



One can see the relevance of f; from the formula |z| = — f(x) — f(—z). In
homework 1, we calculate

T2 = 1)ntl
fi(x) ~1 ;7; 2n—1 cos(2n — 1)z zz: sin nx
so we also have
2 — 1 (=1t
fi(—z) ~ f% + - nz::l 1) cos(2n — 1)z 7; sin nx
Hence
4 < 1
|z| ~ T_Z2 ———cos(2n — 1)z

2 i (2n—1)

Now, we apply the Parseval Identity:

/_:a:|2—27r<7r) +7TZ( T )2

27r377r3 Gi
3 7Tn: n—l

P
T > 1
%72(273—1)2



